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Overview
• Plasmas are often out of local thermodynamic equilibrium (LTE)
• We quantify the evolution of all non-LTE physics
• We introduce a non-LTE measure with dimensions of power 

density
• Applications to reconnection, turbulence, and Landau damping
• Other potential applications - collisionless shocks, wave-

particle interactions, low temperature plasmas, laser plasma 
interaction, …, and beyond plasma physics
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Energy Conversion 
in Plasmas
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The LTE “Fluid” Approach
• Can describe energy conversion in a plasma using fluid approach

• Fluid in local thermodynamic equilibrium (LTE)   
there is a well-defined local temperature

• In LTE, energy conversion is adiabatic ( )

• Near LTE, departure from LTE is small
• Viscosity and resistivity cause irreversible conversion  

into internal energy, conduction transports energy
• Uses of LTE/near-LTE fluid models:

• Plasma/MHD waves, MHD instabilities,  
Shocks (Rankine-Hugoniot), Reconnection  
(Sweet-Parker), turbulence (Kolmogorov), …

⇔

p/ργ = constant
Hesse and  
Cassak,  
JGR, 2020
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• Internal (thermal) energy density                                                          

Energy Conversion – Fluid Approach

• The internal energy density equation is equivalent to the first law of thermodynamics!
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• Bulk flow energy density                                         

• Electromagnetic energy density                                             
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• The near-LTE fluid energy density evolution equations for species  are (  is number density,  is 
bulk flow velocity,  is pressure,  is constituent mass,  is charge,  is ratio of specific heats):

σ nσ uσ
pσ mσ qσ γσ



Validity of the Fluid Model
• The fluid model for species  assumes the system is in,  

or very near to, local thermodynamic equilibrium (LTE)
• This means there is a well-defined temperature 

• The phase space density  is the number density of  
particles in phase space, i.e., position , velocity  space: 
 
 
 
where  is the number of particles in the jk’th cell of phase space
• In LTE,  has a Maxwell-Boltzmann distribution  (it is “Maxwellian”) 

• The density  is the area under the curve
• The temperature  is related to the standard deviation (breadth) of  

• The temperature is a measure of the internal (thermal) energy per particle 

σ

Tσ

fσ(r, v, t)
r v

Nσ, jk
fσ fσ,MB

nσ
Tσ fσ

Eσ,int
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When the Fluid Model is Invalid (non-LTE)

fσ ≠ fσ,MB Marsch, Ann. Geophys., 2018
Burch et al., Science, 2016

Earth’s Magnetopause (MMS) Solar Wind (Helios)

½γ=ðγ − 1Þ$nekBΔTe=ðB2
recx=μ0Þ ¼ 70%. We assume the

system is adiabatic because Bg is large and the distributions
are close to Maxwellian.
To investigate the relative importance of collisions in the

conversion of magnetic to thermal energy, we consider the
rectangle of thickness 2δ ¼ 10 mm and length 2L ¼
20 mm around the X point, the dotted rectangle in
Fig 1(f). The collisional Ohmic heating power per unit
length out of the reconnection plane is estimated as
POhmic ¼ ηJ2zð2δ · 2LÞ ∼ 0.03 kW=m, where the Spitzer
resistivity η is used and Jz near the X point is used
throughout the rectangle for simplicity. We compare this
to the rate of electron enthalpy production per unit length in
the out-of-plane direction ΔH. We roughly estimate its
magnitude based on local ΔTe values, as our Te measure-
ments are limited to a single separatrix and the heating on
opposite separatrices is different in guide field reconnection
[50]. Using the measured value 1.8δ downstream for ΔTe,
we find ΔH¼ ½γ=ðγ− 1Þ$nekBΔTeð2δ · 2LÞ=τ∼ 2 kW=m.
The 2 orders of magnitude difference between POhmic and
ΔH suggest that, even allowing for possible underestima-
tion of Jz and the use of the Spitzer prediction for η for a
marginally collisional plasma, Ohmic heating is not the
dominant process for magnetic to thermal energy conver-
sion and that other kinetic-scale processes must be respon-
sible for the energy conversion. Note the rate of magnetic
enthalpy deposition per unit length in the out-of-plane
direction ðB2

recx=μ0Þ · ð2V in · 2LÞ ¼ 3 kW=m is large
enough to account for the observed electron heating.
To confirm that the released magnetic energy drives the

electron heating, we vary Brecx from 10 to 20 G. Figure 4(a)
shows the electron enthalpy density increase ½γ=ðγ −
1Þ$nekBΔTe a distance 1.8δ from the X point as a function
of the reconnecting magnetic enthalpy density B2

recx=μ0.
The dependence is linear, as expected if reconnection
causes the heating [51], with a fitted slope of 0.8 (dashed
line). Figure 4(b) shows the change in electron enthalpy
density versus the ratio of guide field to reconnecting field
Bg=Brecx in the range of 10–25. Since the reconnection rate
is largely independent of guide field [52,53], the lack of
dependence of electron heating on guide field is expected.
This result is reproduced in our simulations (see the
Supplemental Material [49]).

During reconnection, we observe non-Maxwellian
EVDFs with oppositely directed beams on either side of
the X point. Figure 5(a) shows the EVDF as a function of
Vk, the velocity component along k⃗, at x ¼ −3 mm and
t ¼ 55 μs. k⃗ is at an angle of 22.5°, as shown in Figs. 1(a)
and 1(f), and is mostly in the outflow direction. There is a
clear beam feature with a negative velocity. A composite fit,
shown as the solid line, based on two Maxwellian EVDFs
shown individually as dashed lines, reveals that the total
EVDF is expressible as a combination of a nearly sta-
tionary, warm, bulk electron population and a colder, much
less dense electron beam at a velocity of Vk ≃ −440 km=s.
The speed of the feature is close to VAe ¼ 430 km=s. The
electron beam has a relative density of roughly nbe ≈ 0.04ne
and an electron temperature of Tb

e ≈ 0.02 eV ¼ 0.01Te.
Figure 5(b) shows the EVDF on the other side of the X

point at x ¼ 7 mm. The EVDF also exhibits a beam feature
but with Vk > 0. A fit to two Maxwellian distributions
yields a flow feature speed of Vk ¼ þ210 km=s (half of
VAe). To investigate if this feature is a reconnection outflow
jet, we show the EVDF from an experiment in which Brecx
is reduced from 15 G to 10 G in Fig. 5(c). The speed of the
beam at the same location as Fig. 5(a) drops to −180 km=s
as VAe drops to 280 km=s. Thus, we measure oppositely
directed electron beams at speeds ð0.6 − 1ÞVAe near the X
point, which is strong evidence of bulk electron acceler-
ation [14]. Further from the X point, the outflow appears to
be decelerated, possibly by closed field lines of the flux
ropes or collisions.

FIG. 4. Measured electron enthalpy density increase ½γ=ðγ −
1Þ$nekBΔTe versus (a) reconnecting magnetic enthalpy B2

recx=μ0
and (b) ratio of guide field to reconnecting field Bg=Brecx.

FIG. 5. EVDFs for the Brecx ¼ 15 G discharge showing
oppositely directed beams on either side of the X point.
(a) x ¼ −3 mm (black circles) and (b) x ¼ 7 mm (red circles).
Dashed lines are Maxwellian fits for the bulk and beam and the
solid line is their sum. The dotted vertical lines denote speeds of
VAe=2 and VAe. (c) EVDF measured at x ¼ −3 mm for the
Brecx ¼ 10 G discharge.

PHYSICAL REVIEW LETTERS 128, 025002 (2022)

025002-4

Shi et al., PRL, 2022Courtesy of Earl Scime, Jake Stump, WVU

Space/Fusion Experiment (PHASMA, WVU)

8Raymond et al., PRE, 2018

HEDP Experiment (OMEGA)

Godyak, PoP, 2005

Low Temperature Experiment



Why are Plasmas not in LTE?

NASA Goddard’s Conceptual Image Lab/Lisa Poje

NASA's Scientific Visualization Studio 

NASA's Scientific Visualization Studio 

• Collisions weak or absent 
(high temperature, low 
density) or act differently 
on different species (low 
temperature)

• Anisotropies, particle 
trapping, finite-Larmor 
radius effects, non-
thermal heating, … 
(Howes, PoP, 2017; 
Matthaeus, ApJ, 
2020; Alvarez Laguna 
et al., PoP, 2022)

• How is plasma evolution 
described when the fluid 
model is not applicable?

• Need kinetic theory! 9



Kinetic Theory - How does  Evolve?fσ
• Kinetic theory is a statistical theory of a plasma  

described by a phase space density 
• We need a dynamical equation to describe how it evolves  

in time as a function of phase space coordinates 
•  is position coordinate,  is velocity coordinate

• The answer (non-relativistically, classically): the Boltzmann equation (1872)

•  is mass of constituent,  is force
•  is an operator describing collisions

• Here, we leave  unspecified

fσ

(r, v)
r v

mσ Fσ
C[ f ]

C[ f ]
10



Energy Conversion — Kinetic Approach
• One approach to study energy conversion using kinetic theory  

is to look at the associated bulk (fluid) properties of the system
• For a system not in LTE described by its phase space density  

, the velocity moments of  give the bulk properties

• Analogous to moments of mass distributions (mass, center of mass, moment of interia)
• Note, there are in principle an infinite number of moments to describe the shape of !

fσ(r, v, t) fσ

fσ
11
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Energy Conversion — Kinetic Approach
• Temperature  is not well-defined for a system not in LTE! 

However, one can still define the internal (thermal) energy  
per particle  as the average random kinetic energy:

• Can then define the “effective temperature”      according to 

• It is analogous to temperature in LTE; it is the temperature if the phase space  
density were changed to be a Maxwellian with the same internal energy

• For an arbitrary , the “Maxwellianized” distribution  is (Grad, 1965)

Tσ

Eσ,int

fσ fσM
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• Moments of the Boltzmann equation give kinetic theory generalizations of the fluid equations  
(Braginskii, 1965; Yang et al., 2017)

 

• An infinite number of fluid equations can be derived from the Boltzmann equations
• The “closure problem” is that these equations do not close without assumptions

• The conversion of energy is studied using the internal energy density equation and the  
equations for other forms of energy density, namely bulk kinetic and electromagnetic:

• These equations generalize the fluid equations presented previously

<latexit sha1_base64="ptEn8cFQFKisui2aiH5dQD8YBVM="></latexit>

@n�

@t
+r · (n�u�) = 0 Continuity equation

Momentum equation

<latexit sha1_base64="SHZJ7mpREA9nkhURbPW2eeam97A="></latexit>

m�n�


@u�

@t
+ (u� ·r)u�

�
= �r ·P� + q�n�

✓
E+

u� ⇥B

c

◆
+ fdrag

Continuity equation

Internal energy density equation… … 

Energy Conversion — Kinetic Approach
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• The net energy conversion between particles and EM fields is simply related to 
• A kinetic theory measure of energy conversion is the “field-particle correlation” (Klein and  

Howes, ApJL, 2016); the particle energy per unit phase space volume  is
 

•  evolves according to

• Integrating this over velocity space gives

• Thus,  evolution is related to conversion of energy between particles and fields
• Since  is local in phase space, it can be used to distinguish between different energy  

conversion mechanisms, such as Landau damping and cyclotron damping in settings such  
as turbulence, shocks, and reconnection (Howes et al., JPP, 2017; Klein et al., JPP, 2017;  
Chen et al., Nat. Commun. 2019; Li et al., JPP, 2019; Klein et al., JPP, 2020; Juno et al., JPP,  
2021; Verniero et al., JGR, 2021, Montag and Howes, PoP, 2022; McCubbin et al., PoP, 2022)

•

qσnσuσ ⋅ E

wσ

wσ

wσ
wσ

Energy Conversion — Particles  Fields↔
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Energy Conversion — Bulk  Internal↔
• The term that describes the conversion of energy between bulk kinetic energy and internal energy is  

the pressure-strain interaction,  (Del Sarto et al., PRE, 2016; Yang et al., PoP, 2017)

• In a closed collisionless system, the volume integrated pressure-strain interaction gives  
the net conversion into or out of internal energy; valid whether the system is in LTE or not

• Commonly decomposed into pressure dilatation and “Pi-D” 

• Has been the subject of intense scrutiny (Yang et al., PRE, 2017; Del Sarto and Pegoraro, MNRAS, 2018; 
Sitnov et al., GRL, 2018; Chasapis et al., ApJ, 2018; Parashar et al., ApJL, 2018; Du et al., ApJ, 2018;  
Pezzi et al., PoP, 2019; Bandyopadhyay et al., PRL, 2020; Bandyopadhyay et al., PoP, 2021; Zhou et al.,  
GRL, 2021; Fadanelli et al., JGR, 2021; Pezzi et al., MNRAS, 2021; Wang et al., JGR, 2021; Arró et al.,  
A&A, 2022; Yang et al., MNRAS, 2022; Hellinger et al., ApJ, 2022; Yang et al., PoP, 2022; Cassak and 
Barbhuiya, PoP, 2022; Cassak et al., PoP, 2022; Barbhuiya and Cassak, PoP, 2022; Yang et al., ApJ, 2023)
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Energy Conversion — Internal Energy

Interspecies  
collisional  

heating rate

“Pi-D”
Incompressible

Deformation

Heat flux density 
divergence, 

transport due to 
non-Maxwellianity

Pressure dilatation  
Compressive heating/ 

expansive cooling

Change in internal 
energy per particle

• This is the non-LTE generalization of the first law of thermodynamics!
• It is rigorously valid even when a scalar temperature is not well defined!
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Going Beyond Energy?

17

• Energy evolution is described by the 2nd moment of 
• In LTE, it depends on the 0th moment of  (the density)

• The fundamental quantity in kinetic theory is 
• When not in LTE, can be infinitely many moments of !
• Any moment can change as  evolves!
• Is there a reason we care  

about the 2nd moment … 
but not the 47th?!?

fσ
fσ
fσ

fσ
fσ

Goldman et al., JGR, 2020

Burch et al., Science, 2016

We argue a complete description of the  
dynamics requires all moments of fσ



Inspiration — the 2nd Law out of LTE
• The 2nd law of thermodynamics is , where 

• For non-LTE, one needs to define entropy in kinetic theory (“kinetic entropy”)
• In statistical mechanics, entropy  is related to the number  of  

microstates that are equivalent to a given macrostate, 
• Systems tend to evolve towards more disordered states  higher entropy!

• Boltzmann showed that in kinetic theory, i.e., in terms of , the kinetic  
entropy  and kinetic entropy density  for a system with  particles are

• Boltzmann (1877) directly calculated the time derivative of  and used the  
Boltzmann equation for ; from properties of a particular , he found

• This gives the kinetic theory (non-LTE) generalization of the second law of thermodynamics!

dSσ /dt ≥ 0 dSσ = dQσ /Tσ

Sσ Wσ
Sσ = kB ln Wσ

⇒
fσ

Sσ sσ Nσ

Sσ
∂fσ /∂t C[ f ]
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The Time Evolution of sσ /nσ
• Entropy contains information about all the “internal” moments of  (moments of powers of )

• We argue its time evolution captures the time evolution of all internal moments (Cassak et al., PRL, 2023)

• Kinetic entropy density satisfies a continuity-type equation (e.g., Eyink, PRX, 2018)

• A trick — decompose  into 2 terms,  and  (Mouhot and Villani, Acta Math, 2011):

• When written in terms of the kinetic entropy per particle  in the Lagrangian reference frame,  
the evolution equation is (Cassak et al., PRL, 2023; also Eu, JCP, 1995)

fσ vj − uj

sσ sσP sσV

sσ /nσ
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• The first term directly gives rise to the generalized work term 

• For the second term, decompose  into two terms (see also Grad, 1965): 
 
 
The resultant term is defined as “generalized internal energy,” which contains internal energy and “relative 
energy”

• Similarly the third term leads to a “generalized heat” which contains thermodynamic heat and “relative heat”

• Then, the entropy per particle equation becomes

• This has the form of the first law of thermodynamics, but it is fully kinetic and captures all internal moments! 

• We call it “the first law of kinetic theory” (Cassak et al., PRL, 2023)

• It is first principles with no assumptions, is valid arbitrarily far from LTE, and avoids “closure problem”

sσV /nσ
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The Time Evolution of sσ /nσ

<latexit sha1_base64="zt6WeB8FhfSa6IBEEXFjWNPTD/o="></latexit>

dQ�,gen = dQ� + dQ�,rel

<latexit sha1_base64="c+ZP5ORwMxg7+oUGLw4NizUx7wM="></latexit>

dE�,gen = dE�,int + dE�,rel

<latexit sha1_base64="HBKlHajKnH5jMDwSK51MZSmTCcM="></latexit>

s�,rel
n�

= �kB

Z
f�
n�

ln

✓
f�
f�M

◆
d3v



Higher Order Moments and “Relative Entropy”
• Consider the “relative entropy” term related to  (Grad, 1965) 
 
 

• Has its roots in the “Kullback-Leibler divergence”  
(Kullback and Leibler, 1951) in information theory
• Extensively used in statistical mechanics,  

applied mathematics, chemistry, biology,  
quantum information theory, and economics 

• It is a scalar field that measures the statistical separation  
between a given probability distribution (  here) and a  
reference probability distribution (  here)

•  if  is Maxwellian and  if it is not (Grad, 1965)
• Related to, but different, from other non-Maxwellianity measures 

(Kaufmann and Paterson, JGR, 2009; Greco et al., PRE, 2012;  
Servidio et al., PRL, 2017; Liang et al., JPP, 2020)

sσ,rel

fσ
fσM

sσ,rel = 0 fσ sσ,rel < 0
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Time Evolution of Relative Entropy 
• Time derivative of  quantifies the rate at which  

the shape of  changes (Cassak et al., PRL, 2023)

• Related to relative energy via

sσ,rel
fσ

22

Evolving towards LTE  
(thermalizing)
Evolving away from LTE  
(more non-thermal)
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diffusion region (EDR) (jx− x0j< 1;0.45< jy− y0j< 1),
electrons get trapped by the upstream magnetic field [34],
so fe becomes non-Maxwellian [dark red in Fig. 2(b)], with
fe elongated in the parallel direction [Fig. 2(i)]. Thus, in the
comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
identifies whether fσ changes shape toward or away from
LTE in the comoving frame.
Next, we demonstrate the quantitative importance of

relative energy. Rates of work and internal energy per
particle are shown in Figs. 2(c) and 2(d), respectively.

Cuts of these quantities through the X line in the horizontal
and vertical directions, along with dEe;rel=dt, are plotted in
Figs. 2(g) and 2(h), respectively. At the X line, the values
are 0.031, 0.027, and −0.016, respectively, in normalized
code units. Their sum, 0.042, is the total rate of energy per
particle going into internal moments of electrons. To see
that relative energy is important, the standard approach
using Eq. (1) would say the energy rate going into changing
ne and T e is 0.031þ 0.027 ¼ 0.058, 38% higher than the
total rate when relative energy is included, which is a
significant difference.
To assess its importance in other locations, Fig. 2(f) shows

log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&, with a color bar saturated
at '2 to better reveal details. Where internal and relative
energy changes are comparable are white. Locations where
jdEe;relj exceeds jdEe;intj are red, especially just upstream of
the EDR. In the deep blue regions, jdEe;relj ≪ jdEe;intj. In the
light blue regions, including much of the EDR and island,
jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
moments in reconnection is broadly non-negligible and
can be locally significant or even dominant.

FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
(b) along a streamline.
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diffusion region (EDR) (jx− x0j< 1;0.45< jy− y0j< 1),
electrons get trapped by the upstream magnetic field [34],
so fe becomes non-Maxwellian [dark red in Fig. 2(b)], with
fe elongated in the parallel direction [Fig. 2(i)]. Thus, in the
comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
identifies whether fσ changes shape toward or away from
LTE in the comoving frame.
Next, we demonstrate the quantitative importance of

relative energy. Rates of work and internal energy per
particle are shown in Figs. 2(c) and 2(d), respectively.

Cuts of these quantities through the X line in the horizontal
and vertical directions, along with dEe;rel=dt, are plotted in
Figs. 2(g) and 2(h), respectively. At the X line, the values
are 0.031, 0.027, and −0.016, respectively, in normalized
code units. Their sum, 0.042, is the total rate of energy per
particle going into internal moments of electrons. To see
that relative energy is important, the standard approach
using Eq. (1) would say the energy rate going into changing
ne and T e is 0.031þ 0.027 ¼ 0.058, 38% higher than the
total rate when relative energy is included, which is a
significant difference.
To assess its importance in other locations, Fig. 2(f) shows

log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&, with a color bar saturated
at '2 to better reveal details. Where internal and relative
energy changes are comparable are white. Locations where
jdEe;relj exceeds jdEe;intj are red, especially just upstream of
the EDR. In the deep blue regions, jdEe;relj ≪ jdEe;intj. In the
light blue regions, including much of the EDR and island,
jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
moments in reconnection is broadly non-negligible and
can be locally significant or even dominant.

FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
(b) along a streamline.
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• We defined “Higher ORder Non-Equilibrium Terms” (HORNET)  
 with dimensions of power density (Barbhuiya et al., PRE, 2024)

• If initial  is in LTE and final  is not in LTE,  
 quantifies how non-adiabatic the process is

• Can make direct comparison with power densities,  
such as  and pressure-strain interaction

Pσ,HORNET

fσ fσ
Pσ,HORNET

Jσ ⋅ E
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• Interpretation 1: In the gyrokinetic limit (Schekochihin et al., ApJS, 2009),  is  
proportional to the “free energy” (Cassak et al., PRL, 2023, Celebre et al., PoP, 2023)

• Interpretation 2: Subtract out non-LTE generalization of the 1st law of thermodynamics:

• In this interpretation, the first law of thermodynamics describes energy conversion  
(relating the second moment to the zeroth); the above equation supplements the  
first law for non-LTE systems, describing the time evolution of the shape of 

• Interpretation 3: In terms of the total of the non-LTE thermodynamic plus “relative” terms,  
 and :

• Interpret the first law of thermodynamics in LTE as linking the evolution  
of all the internal moments necessary to describe the system  
( , ); then this expression generalizes the  
first law of thermodynamics for non-LTE systems by relating the evolution  
of all the infinite number of internal moments that can evolve in time

sσ,rel

fσ

dEσ,gen = dEσ,int + dEσ,rel dQσ,gen = dQσ + dQσ,rel

nσ ↔ dWσ Tσ ↔ dEσ,int
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Accounting of Evolution of All Moments in  
PIC Simulations of Magnetic Reconnection

• P3D particle-in-cell (PIC) code  
(Zeiler et al., 2022)

• Domain size = 12.8 x 6.4
• Mass ratio  = 25, speed of light = 15
• Particles per grid = 25,600
• At a time during onset when the 

reconnection rate is increasing most rapidly
• Plots –  

(a) out-of-plane current density 
(b) non-Maxwellianity 
(c) rate of work per particle  
(d) rate of internal energy change per 
particle  
(e) rate of relative energy change per 
particle  
(f) log (relative / internal) 
(g, h) horizontal, vertical cuts 
(i-l) phase space densities

• Relative energy term can  
be dynamically significant!

𝑚𝑖/𝑚𝑒

Cassak et al., PRL, 2023

diffusion region (EDR) (jx− x0j< 1;0.45< jy− y0j< 1),
electrons get trapped by the upstream magnetic field [34],
so fe becomes non-Maxwellian [dark red in Fig. 2(b)], with
fe elongated in the parallel direction [Fig. 2(i)]. Thus, in the
comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
identifies whether fσ changes shape toward or away from
LTE in the comoving frame.
Next, we demonstrate the quantitative importance of

relative energy. Rates of work and internal energy per
particle are shown in Figs. 2(c) and 2(d), respectively.

Cuts of these quantities through the X line in the horizontal
and vertical directions, along with dEe;rel=dt, are plotted in
Figs. 2(g) and 2(h), respectively. At the X line, the values
are 0.031, 0.027, and −0.016, respectively, in normalized
code units. Their sum, 0.042, is the total rate of energy per
particle going into internal moments of electrons. To see
that relative energy is important, the standard approach
using Eq. (1) would say the energy rate going into changing
ne and T e is 0.031þ 0.027 ¼ 0.058, 38% higher than the
total rate when relative energy is included, which is a
significant difference.
To assess its importance in other locations, Fig. 2(f) shows

log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&, with a color bar saturated
at '2 to better reveal details. Where internal and relative
energy changes are comparable are white. Locations where
jdEe;relj exceeds jdEe;intj are red, especially just upstream of
the EDR. In the deep blue regions, jdEe;relj ≪ jdEe;intj. In the
light blue regions, including much of the EDR and island,
jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
moments in reconnection is broadly non-negligible and
can be locally significant or even dominant.

FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
(b) along a streamline.
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Examples - Reconnection & Turbulence
• 2D collisionless particle-in-cell 

simulations of magnetic 
reconnection and decaying 
plasma turbulence  
(Barbhuiya et al., PRE, 2024)

• Results:
• In reconnection, HORNET  

has the sign expected from 
knowledge of evolution of 
• HORNET can be locally 

important, but the net is  
small when integrated 
over the electron 
diffusion region

• In turbulence simulation, 
system average can be up  
to 67% of power densities!
• Non-LTE effects can be  

dynamically significant!

fσ

Cassak et al.,  
PRL, 2023

diffusion region (EDR) (jx− x0j< 1;0.45< jy− y0j< 1),
electrons get trapped by the upstream magnetic field [34],
so fe becomes non-Maxwellian [dark red in Fig. 2(b)], with
fe elongated in the parallel direction [Fig. 2(i)]. Thus, in the
comoving frame, as a fluid element convects toward the X
line from upstream, fe evolves away from Maxwellianity,
consistent with Fig. 2(e), where dEe;rel=dt < 0. Continuing
toward the X line, fe develops striations [Fig. 2(j)] due to
electrons becoming demagnetized in the reversed magnetic
field [90,91]. This is associated with evolution away from
LTE [blue in Fig. 2(e)]. Downstream of the X line, there is a
red patch in Fig. 2(e) at jx − x0j ≃ 1.25; jy − y0j ≃ 0 where
electrons thermalize (Maxwellianize) [92,93], which is
seen in fe [Fig. 2(k)]. Just downstream from there
(jx − x0j ≃ 1.8), fe evolves away from LTE where electrons
begin to remagnetize at the downstream edge of the EDR
[92,94] [Fig. 2(l)]. These results confirm the sign of dEσ;rel
identifies whether fσ changes shape toward or away from
LTE in the comoving frame.
Next, we demonstrate the quantitative importance of

relative energy. Rates of work and internal energy per
particle are shown in Figs. 2(c) and 2(d), respectively.

Cuts of these quantities through the X line in the horizontal
and vertical directions, along with dEe;rel=dt, are plotted in
Figs. 2(g) and 2(h), respectively. At the X line, the values
are 0.031, 0.027, and −0.016, respectively, in normalized
code units. Their sum, 0.042, is the total rate of energy per
particle going into internal moments of electrons. To see
that relative energy is important, the standard approach
using Eq. (1) would say the energy rate going into changing
ne and T e is 0.031þ 0.027 ¼ 0.058, 38% higher than the
total rate when relative energy is included, which is a
significant difference.
To assess its importance in other locations, Fig. 2(f) shows

log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&, with a color bar saturated
at '2 to better reveal details. Where internal and relative
energy changes are comparable are white. Locations where
jdEe;relj exceeds jdEe;intj are red, especially just upstream of
the EDR. In the deep blue regions, jdEe;relj ≪ jdEe;intj. In the
light blue regions, including much of the EDR and island,
jdEe;relj is at least 20% of the magnitude of jdEe;intj. Thus,
energy conversion associated with non-LTE internal
moments in reconnection is broadly non-negligible and
can be locally significant or even dominant.

FIG. 2. Electron energy conversion in a PIC simulation of magnetic reconnection. (a) Out-of-plane current density Jz, with projections
of magnetic field lines and segments of electron velocity streamlines overplotted in black and orange, respectively. (b) Electron entropy-
based non-Maxwellianity M̄KP;e. Time rates of change per particle of (c) work dWe=dt, (d) internal energy dEe;int=dt, and (e) relative
energy dEe;rel=dt. (f) log10½jðdEe;rel=dtÞ=ðdEe;int=dtÞj&. 1D cuts of the terms in (c)–(e) in the (g) x and (h) y directions. (i)–(l) Reduced
electron phase space density feðvx; vzÞ at locations denoted by the colored x’s at the top left of the plots corresponding to the x’s in
(b) along a streamline.
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FIG. 1. Particle-in-cell simulation results of power densities for electrons and ions during the onset phase of reconnection
(t = 13). (a) and (e) higher order non-equilibrium terms power density Pe,HORNET and Pi,HORNET, (b) and (f) pressure
dilatation �Pe(r ·ue) and �Pi(r ·ui), (c) and (g) Pi�De and Pi�Di, and (d) and (h) heat flux density divergence �r ·qe

and �r · qi.

phase space densities are elongated in the parallel di-474

rection [46], and positions close enough to the X-line475

have another population due to the Speiser orbits asso-476

ciated with motion perpendicular to the magnetic field.477

The resultant distribution in the (vx, vy)-plane is a more478

Maxwellian distribution. Therefore, an electron fluid ele-479

ment entering the EDR has a negative Pe,HORNET. Phase480

space densities in relevant regions are plotted in Ap-481

pendix A. Thermalization of the outflowing electron jets482

downstream of the X-line [50–53] is observed at the EDR483

outflow edge (1.6 < |x� x0| < 2.0), associated with neg-484

ative Pe,HORNET ' �0.002.485

For the ions, the ion di↵usion region (IDR) is expected486

to have a vertical extent of |y � y0| < 2.24, but the sim-487

ulation domain is too small to allow full ion coupling to488

the reconnection process; the simulation domain would489

have to be � 40 ⇥ 2.24 ' 90 for the ions to fully couple490

[54]. Upstream of the EDR, Fig. 1(e) demonstrates that491

Pi,HORNET is weakly positive and gradually increases ap-492

proaching the X-line, where it has a maximum value of493

' 0.013. This indicates that ions become more non-494

Maxwellian (in the Lagrangian frame) approaching the495

X-line. This is consistent with expectations since ions de-496

magnetize when their gyroradii exceed the distance from497

their guiding center to the magnetic field reversal, so only498

the most energetic ions are demagnetized further from499

the X-line and more ions are demagnetized closer to the500

X-line.501

The ions in the exhaust just downstream of the EDR502

have positive Pi,HORNET with characteristic value 0.006,503

indicating an evolution away from Maxwellianity in these504

regions. This is likely from demagnetizing ions crossing505

the separatrix rather than crossing through the EDR.506

We expect for a larger system and at later times that507

ions would thermalize further downstream from the EDR,508

which would be associated with Pi,HORNET < 0, but we509

do not observe it in our simulation since the system is not510

in the steady-state and the simulation domain is small.511

Interestingly, starting at approximately |x � x0| ' 1.6512

along the separatrices outside of the EDR, Pi,HORNET is513
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FIG. 3. Particle-in-cell simulation results comparing power densities for electrons and ions during decaying turbulence at
t = 30. (a) and (e) higher order non-equilibrium terms power density Pe,HORNET and Pi,HORNET, (b) and (f) pressure dilatation
�Pe(r · ue) and �Pi(r · ui), (c) and (g) Pi�De and Pi�Di, (d) and (h) heat flux density divergence �r · qe and �r · qi.
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Satellite Observations of Kinetic Entropy
• Amazingly, satellites on NASA’s Magnetospheric Multiscale (MMS) 

mission have sufficient spatio-temporal resolution  
to directly measure kinetic entropy reasonably accurately  
(Argall et al., PoP, 2022; Lindberg et al., Entropy, 2022)

• Allows for comparisons between numerical simulations  
and in situ observations

• Recent observations of magnetic reconnection (Argall et al., PoP, 2022)

• MMS was used to calculate two non-Maxwellianity measures,  
kinetic entropy density, velocity space kinetic entropy density,  
and the phase space density

• Reasonably good agreement with PIC simulations

• Shows that simulations with periodic boundary conditions  
can give reasonable local values even though it is a closed 
system and naturally occurring reconnection is in open 
systems

• We are pursuing further comparisons presently

Argall et al., Phys. Plasmas, 2022 26



Example - Landau Damping
• Entropy conversion in a 1D traveling plasma 

wave with charge neutralizing ions

• Conservation of energy gives final 
temperature (known since 1960s)

• Conservation of entropy gives the final 
position space, velocity space, and 
relative entropies (Perera et al., in prep)

• Validated as a function of density 
perturbation in 1D-1V PIC simulations

• See also Celebre et al., PoP, 2023

27

Entropy exchange during Landau damping
• We calculate the changes of the various 

kinetic entropies as a function of time 
for the 𝑛 = 0.02 simulation

• Top plot – 
• The total kinetic entropy ∆𝑆 (blue line) 

is reasonably well conserved
• The position space entropy ∆𝑆𝑝 

(orange) increases in time as 
expected; its asymptotic value is 
consistent with the theory on slide 8

• The velocity space entropy ∆𝑆𝑣 (green) 
decreases, as it must to conserve 
entropy

• Bottom plot –
• ∆𝑆𝑣,𝜖 (brown) increases as expected by 

the amount predicted on slide 8
• ∆𝑆𝑣,𝑟𝑒𝑙  (red) decreases as expected by 

the amount predicted on slide 8

The entropy changes at large time 
match well with the predicted values 

(Perera +, in prep) 13
Parametric study results

• We repeat the final 
temperature calculations for 
different perturbation 
amplitudes 𝑛 from 0.02 to 0.1

• The plot shows the predicted 
final temperature (orange line) 
and simulation results (blue 
dots) for different 𝑛 

• These results confirm that 
we can calculate the final 
temperature for a fully damped 
electron plasma wave in terms 
of only the initial conditions 
and the wave perturbation 
amplitude (Perera +, in prep)

14

Parametric study results

• We repeat the change in kinetic entropy 
calculations for different perturbation 
amplitudes 𝑛 from 0.02 to 0.1

• Top plot –
• The position space kinetic entropy change 

∆𝑆𝑝 (blue dots) in the simulations match 
very well 
with the theory on slide 8 
(orange curve)

• Bottom plot – 
• The kinetic entropy changes ∆𝑆𝑣,𝜖 

(blue dots) and ∆𝑆𝑣,𝑟𝑒𝑙 (green dots) in the 
simulations match very well with the 
theory on slide 8 (orange and red curves)

• These results confirm that 
we can calculate the final 
kinetic entropy for a fully damped electron 
plasma wave in terms of only the initial 
conditions and the wave perturbation 
amplitude (Perera +, in prep)
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Conservation of energy Conservation of entropy

Final 
temperature

Final position  
space entropy

Final velocity  
space entropy

Final relative  
entropy

Perera et al., in prep

Energy exchange during Landau damping
• We calculate the change in 

various forms of energy 
∆𝐸 =  𝐸 𝑡 −  𝐸 𝑡 = 0

as a function of time for 
the 𝑛 = 0.02 simulation

• Total energy is conserved 
to 0.003% by 𝑡 = 25

• As expected for Landau 
damping, the electric field 
energy and bulk kinetic energy 
decay exponentially, while 
the thermal energy increases
(Perera +, in prep)

𝐸𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 =
1
2 𝑘𝐵 න𝑛(𝑥)𝑇(𝑥) 𝑑𝑥

𝐸𝑏𝑢𝑙𝑘 =
1
2

𝑚 න𝑛 𝑥 𝑢 𝑥 2 𝑑𝑥

𝐸𝑓𝑙𝑑 =
1
2 𝜖0 න 𝐸(𝑥) 2𝑑𝑥
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Potential Applications
• The theory should be useful for any plasma simulation tool that includes  

the full phase space density, such as particle-in-cell, Vlasov/Boltzmann,  
and hybrid simulations, plus satellite observations

• Applications – magnetic reconnection, turbulence, collisionless  
shocks, wave-particle interactions, low temperature plasmas, …

• Could be useful for identifying closures in plasma systems,  
such as through machine learning

• The theory should be applicable to other systems outside  
plasma physics that employ kinetic theory

• Neutrino physics, dark matter, etc.

• Theory can be directly applied to any numerical technique  
that outputs the phase space density

• Molecular dynamics simulations of micro- and  
nano-fluids for chemical and biological systems

• Could be useful for an analogous result for quantum statistical mechanics for 
applications to entanglement (Floerchinger and Haas, Phys. Rev. E, 2020)

MARK GARLICK/SCIENCE PHOTO  
LIBRARY via Getty Images

http://philippos.info/nbody/
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Conclusions
• Energy conversion is often studied using the language of equilibrium thermodynamics, but many plasmas  

are out of local thermodynamic equilibrium (LTE) and need an infinite number of moments to describe them
• Here, we derive a closed-form expression quantifying the evolution of all non-LTE physics  

(Cassak et al., Phys. Rev. Lett., 130, 085201, 2023)
• First-principles; no approximations
• Non-perturbative, i.e., valid arbitrarily far from LTE and avoids the “closure problem” 
• Related to “kinetic entropy”

• It augments or generalizes the first law of thermodynamics for systems not in LTE
• We call it the “the first law of kinetic theory”

• We introduce a measure called HORNET with dimensions of power density describing the  
non-LTE evolution, which can be useful for quantitative comparison to standard power densities,  

 and pressure-strain interaction (Barbhuiya et al., Phys. Rev. E, 109, 015205, 2024)
• The theory could be useful for any plasma simulation tool that includes the full phase space density,  

such as particle-in-cell, Vlasov/Boltzmann, and hybrid simulations, plus satellite observations
• Applications – reconnection, turbulence, collisionless shocks, wave-particle interactions, low temperature plasmas, …
• Could be useful for identifying closures in plasma systems, such as through machine learning
• May have applications in other systems, including astronomy/cosmology, biology, chemistry, and quantum mechanics
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